A general mass law for broadband energy harvesting  by Langley, R.S.
Contents lists available at ScienceDirect
Journal of Sound and Vibration
Journal of Sound and Vibration 333 (2014) 927–9360022-46
http://d
E-mjournal homepage: www.elsevier.com/locate/jsviA general mass law for broadband energy harvesting
R.S. Langley
Department of Engineering, University of Cambridge, Trumpington Street, Cambridge CB2 1PZ, UKa r t i c l e i n f o
Article history:
Received 19 July 2013
Received in revised form
6 September 2013
Accepted 24 September 2013
Handling Editor: M.P. Cartmell
the damping factor. It is shown here that the same result applies to any multi-degree-of-Available online 1 November 20130X & 2013 The Author. Published by Elsevie
x.doi.org/10.1016/j.jsv.2013.09.036
ail address: RSL21@eng.cam.ac.uka b s t r a c t
It is well known that the power absorbed by a linear oscillator when excited by white
noise base acceleration depends only on the mass of the oscillator and the spectral density
of the base motion. This places an upper bound on the energy that can be harvested from
a linear oscillator under broadband excitation, regardless of the stiffness of the system or
freedom nonlinear system that is subjected to white noise base acceleration: for a given
spectral density of base motion the total power absorbed is proportional to the total mass
of the system. The only restriction to this result is that the internal forces are assumed to
be a function of the instantaneous value of the state vector. The result is derived
analytically by several different approaches, and numerical results are presented for an
example two-degree-of-freedom-system with various combinations of linear and non-
linear damping and stiffness.
& 2013 The Author. Published by Elsevier Ltd. Open access under CC BY license.1. Introduction
There has been much recent interest in the use of electromechanical systems to harvest energy from ambient vibrations,
as reviewed in [1–4]. The ambient vibration typically imposes a base motion on the device, and this motion can be either
harmonic or random depending on the field of application. The device itself can be either linear or nonlinear, and there can
be either a single mechanical degree of freedom, or multiple degrees of freedom. In all circumstances the aim is to design a
device that will harvest as much energy as possible, subject to constraints on the size, weight, and cost of the system. For
harmonic or very narrow band excitation it is intuitive that a device that displays resonant behaviour will provide the best
performance, and many studies have been directed at producing an optimal design for this case (for example [5]), and the
potentially beneficial effects of adding nonlinear stiffness and/or damping have been considered (for example [3]). In the
case of broadband excitation, the situation is less clear: it is well known that the power dissipated by a linear single degree
of freedom oscillator subject to white noise base acceleration depends only on the mass of the system and the spectrum of
the input [6,7]. This power represents an upper bound on the power that can be harvested and no values of linear damping
or stiffness can overcome this bound, meaning that there is very limited scope for optimal design. The power dissipated is
given by
P ¼ πS0M=2 (1)
where S0 is the spectrum of the base acceleration and M is the mass of the oscillator. It can be noted that the standard
mechanical engineering conventions (for example [8]) are employed in Eq. (1), so that S0 represents the single-sided spectralr Ltd. Open access under CC BY license.
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the delta function. In the energy harvesting literature it is not unusual for the double-sided spectral density to be employed,
and furthermore for the auto-correlation function to be defined in terms of the double-sided spectrum as S0δðτÞ,
representing an inversion of the mechanical engineering convention for the Fourier transform relation between the auto-
correlation function and the spectrum (the text by Papoulis [9], for example, uses this inverted convention). In this case
Eq. (1) becomes P ¼ S0M=2, and this version of the result has appeared in the energy harvesting literature [10,11]. In what
follows the mechanical engineering convention will be adopted throughout, and where agreement with the existing
literature is cited, it will be with the proviso that the existing results are (where necessary) converted to this convention.
Given that Eq. (1) bounds the broadband energy harvesting performance of a linear oscillator, a designer might seek to
overcome this bound by introducing additional degrees of freedom [11] or by introducing nonlinearity [12–17]. However,
Scruggs [11] has shown that Eq. (1) also applies to a multi-degree-of-freedom linear beam, withM interpreted as the mass of
the beam, and Halvorsen [17] has shown that the result applies to a single-degree-of-freedom system with nonlinear
stiffness. This then raises the question as to whether Eq. (1) represents a general result that holds for all linear or nonlinear
energy harvesting devices, and this issue is addressed in the present paper. In Section 2 the equations governing the
vibrations of a multi-degree-of-freedom nonlinear mechanical system subjected to broadband base acceleration are derived,
and these equations are solved in a variety of ways in Sections 3–5. In Section 3 a linear system is considered, and by
considering the Lyapunov equation governing the covariance matrix of the response it is shown that Eq. (1) holds in this
case. A nonlinear system is then considered in Section 4, and two proofs are provided to demonstrate that Eq. (1) remains
valid; one proof is based on a linearization argument, and the other is based on the Fokker–Planck equation. A direct
demonstration of Eq. (1) is then given in Section 5, based on the correlation properties of white noise. The reason for
providing a number of proofs of Eq. (1), rather than just the proof given in Section 5, is that various solution strategies have
been adopted for energy harvesters in the literature, and the present work provides a proof within the context of each of
these strategies: linear system theory has been considered in [11], linearization has been considered in [12], and the Fokker–
Planck equation has been considered in [13–17]. In Section 6 the theory is extended from a general mechanical system to a
general electromechanical system and it is shown that Eq. (1) remains valid.
The validity of Eq. (1) is demonstrated numerically for an example two-degree-of-freedom system in Section 7 for
various combinations of linear and nonlinear springs and dampers, and a comparison is made with a related result derived
by Smith and Swift [18] for a two-degree-of-freedom vehicle model. Concluding comments are then given in Section 8.2. Governing equations
The following analysis is concerned with an N degree-of-freedom dynamic systemwhich is mounted on a vibrating base.
In the absence of motion of the base, the equations of motion of the system are taken to have the form
M€zþgðz; _zÞ ¼ 0; (2)
where zj is the displacement in degree of freedom j, M is the system mass matrix, and gðz; _zÞ is some nonlinear function of
the system displacements and velocities. The displacement zj might represent a physical displacement, such as the
translation of a lumped mass, or a generalised displacement, such as the deflection amplitude associated with a shape
function or a mode shape. In what follows the mass matrix M is taken to be independent of the generalised coordinates z;
for any system a set of generalised coordinates can always be found for which this is true (for example, the Cartesian
displacements of every point on the system), although in many cases the generalised coordinates of choice may lead to a
displacement dependent mass matrix M(z) in Eq. (2). For completeness it is shown in the Appendix that a slight modifi-
cation of the following analysis allows the present results to be derived directly for this case without the need to transform
to a set of coordinates for which M is constant.
If the base of the system is given a static displacement b, then the rigid body displacement vector r is defined such that
the new equilibrium position of the system is z¼rb; thus rj represents the displacement in zj caused by a unit displacement
of the whole system in the direction of the base motion. Given that the system is anchored only to the base, a rigid body
displacement or velocity of the whole system will not produce any internal forces, and thus
gðzþrb; _zþr _bÞ ¼ gðz; _zÞ; (3)
for any values of b and _b. It follows that the equation of motion of the system under general base motion can be obtained by
replacing z in Eq. (2) with yþrb, where y represents the set of displacements relative to a rigid body translation of the whole
system. This yields
M €yþgðy; _yÞ ¼ Mr €b: (4)
In what follows it will be assumed that the motion of the base is random and broadbanded, and the base acceleration will be
approximated as stationary white noise, so that
E½ €bðtÞ €bðtþτÞ ¼ πS0 δðτÞ; (5)
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acceleration. The average power absorbed by the system is given by
P ¼ E½ _yTgðy; _yÞ; (6)
and the main aim of the present work is to derive a general result for this power in terms of the spectral density of the base
motion. This requires the solution of Eq. (4), and to this end it is useful to introduce the state space vector x such that
x¼
y
_y
 !
; (7)
and to rearrange Eq. (4) into the form
_x¼
_y
M1gðxÞ
 !
þ 0r €b
 
: (8)
This result can be written in more compact notation as
_x¼ FðxÞþGðxÞζðtÞ; (9)
where F represents the first vector on the right hand side of Eq. (8), and
GðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃ
πS0
p
ð02Nð2N1Þ ¼ ð0TrTÞT (10)
Furthermore the term ζðtÞ which appears in Eq. (9) is a vector of uncorrelated white noise processes with E½ζjðtÞζjðtþτÞ ¼
δðτÞ. The following section will consider the solution of Eqs. (8) and (9) for the case of a linear system, and the nonlinear case
will then be considered in Section 4.3. Solution for linear systems
If the system is linear then the function g that appears in Eq. (4) can be written in the form
gðy; _yÞ ¼ B _yþKy; (11)
where B and K are respectively the damping and stiffness matrices. The first order form of the equations of motion, Eq. (8),
then becomes
_x¼ 0 IM1K M1B
 
xþ 0r €b
 
¼AxþGζðtÞ; (12)
where the matrix A is defined accordingly. The solution to Eq. (12) is [19]
xðtÞ ¼
Z t
1
eAðt τÞGζðτÞ dτ; (13)
and it follows immediately that the covariance matrix of the response, say C, is given by
C¼ E½xxT ¼
Z t
1
eAðt τÞGGTeA
Tðt τÞ dτ (14)
For stationary random vibration the covariance matrix does not vary with time, and it follows from Eq. (14) that
_C¼ 0) ACþCAT ¼ GGT: (15)
This equation is a restatement of a well-known result: the covariance matrix of the response of a linear system to white
noise excitation satisfies a matrix Lyapunov Eq. (19). The full solution of Eq. (15) is not of direct concern here; rather, the
current interest is focussed on the implications of the equation regarding the power absorbed by the system. This can be
investigated by introducing an extended mass matrix of the form
M^¼ 0 0
0 M
 
; (16)
so that, from Eqs. (6), (11) and (12), the power absorbed by the system can be written as
P ¼ E½xTM^Ax ¼ Tr½M^AC ¼ Tr½M^CAT; (17)
where Tr[] represents the matrix trace operator. It now follows from Eqs. (15) and (17) that
P ¼ ð1=2ÞTr½M^GGT ¼ ðπS0=2ÞrTMr (18)
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Mtot say. Thus
P ¼ πS0Mtot=2 (19)
The power absorbed is therefore independent of any details of the system other than the total mass.
4. Solution for nonlinear systems
4.1. Linearization argument
A common approach to the analysis of nonlinear systems is to replace the nonlinear terms in the equations of motion
with “equivalent” linear terms in such a way as to minimise some measure of the resulting approximation error [20]. With
this approach the nonlinear function in Eq. (4) is replaced according to
gðy; _yÞ-BeðpÞ _yþKeðpÞy; (20)
where BeðpÞ and KeðpÞ are linearization matrices with entries that depend upon the probability density function of the
system response pðy; _yÞ. Perhaps the most widely used linearization scheme for random vibration is Gaussian closure [20], in
which the system response is assumed to be Gaussian and the linearization matrices have the form
Be;ijðCÞ ¼ E
∂gi
∂_yj
" #
; (21)
Ke;ijðCÞ ¼ E
∂gi
∂yj
" #
; (22)
The linearization matrices depend upon the covariance matrix C of the response, and Eqs. (21) and (22) must be used in
conjunction with Eq. (15) to yield a solution for C.
The fact that the absorbed power given by Eq. (19) is independent of B and K implies that this equation will result
from the linearised analysis of any nonlinear system with the form of Eq. (4). This suggests that Eq. (19) is generally
valid, although this approach to demonstrating generality is not fully conclusive, given that linearization methods are
inherently approximate and may not capture the essential dynamics of the system. An alternative approach based on the
Fokker–Planck equation is presented in the following subsection.
4.2. The Fokker–Planck equation
It is well known [19] that the probability density function of the response of any system driven by Gaussian white noise
satisfies the Fokker–Planck equation. For the system defined by Eq. (9), the stationary form of the Fokker–Planck equation
for the probability density function p(x) has the form [19]
LðpÞ ¼ ð∂=∂xiÞ HiðxÞpðxÞð1=2Þð∂=∂xjÞ DijðxÞpðxÞ
  ¼ 0; (23)
where the summation convention has been employed (a repeated index implies summation over that index) and the terms
Hi and Dij are given by
Hi ¼ Fiþð1=2Þð∂Gij=∂xkÞGkj; Dij ¼ GikGjk (24)
The power absorbed by the system can be explored by multiplying Eq. (24) by the kinetic energy of the system ð1=2Þ _yTM _y
and then integrating the equation over state space. This yieldsZ
V
MrsxrþNxsþNLðpÞ dx¼ 0; (25)
where V represents the infinite domain of state space. Eq. (25) can be integrated by parts to yieldZ
V
MrsxrþNHsþNðxÞpðxÞþMrsxsþNHrþNðxÞpðxÞþMrsDrþN;sþNðxÞpðxÞ
 
dx¼ 0; (26)
where boundary terms generated by the integration process have been set to zero on the assumption that p(x) and its
derivatives tend to zero at large argument. It now follows from Eqs. (8)–(10), (24) and (26) that
2E½ _yTgðy; _yÞþπS0rTMr¼ 0 (27)
Hence the result
P ¼ πS0Mtot=2; (28)
is valid in general for a nonlinear system.
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Another approach to deriving the power absorbed by the system described by Eq. (4) is to pre-multiply the equation by
the system velocity and take the expected value of the result, to yield
E½ _yTM €yþE½ _yTgðy; _yÞ ¼ E½ _yTMr €b (29)
The first term on the left hand side of this equation is the time derivative of the expected value of the system kinetic energy,
which is zero for stationary random vibration. The second term is the expected value of the power absorbed, and thus
P ¼ E½ _yTMr€b ¼ E½rTM _y €b (30)
Now direct integration of Eq. (4) yields
M _yðtÞ ¼ 
Z t
1
gðτÞ dτMr
Z t
1
€bðτÞ dτ; (31)
where g has been expressed directly as a function of time rather than as a function of the system velocities and
displacements. It follows from Eq. (31) that
P ¼ E½rTM _yðtÞ €bðtÞ ¼
Z t
1
rTE½gðτÞ €bðtÞ dτþrTMr
Z t
1
E½ €bðτÞ €bðtÞ dτ: (32)
The white noise process €bðtÞ can be viewed as a sequence of independent pulses (often referred to as shot noise [19]),
meaning that the induced response at time τ is uncorrelated to later pulses, so that
E½gðτÞ €bðtÞ ¼ 0; τot: (33)
It then follows from Eqs. (5) and (32) that
P ¼ πS0Mtot
Z t
1
δðtτÞ dτ¼ πS0Mtot=2; (34)
which provides perhaps the most direct proof of the fact that the absorbed power depends only on the total mass of the
system and the spectral level of the base motion.
6. Electromechanical systems
If the system under consideration contains resistive and capacitive components for power harvesting, then the system
equations given by Eq. (4) become [11]
M €yþgðy; _yÞþΘv¼ Mr €b; (35)
Cv _vþR1v vΘT _y¼ 0; (36)
where v is a set of voltages, Cv is a capacitance matrix, Rv is a resistance matrix, and Θ is an electromechanical coupling
matrix. Eqs. (35) and (36) can be rewritten in the form
Mem €yemþgemðyem; _yemÞ ¼ Memrem €b; (37)
Mem ¼
M 0
0 Cv
 !
; (38)
yem ¼
y
v
 
; (39)
gem ¼
gðy; _yÞþΘv
R1v vΘT _y
 !
; (40)
rem ¼
r
0
 
(41)
and the sum of the power harvested and the power absorbed can be written as
P ¼ _yTemgemðyem; _yemÞ ¼ _yTgðy; _yÞþvTR1v v: (42)
Eq. (37) has exactly the same form as Eqs. (4) and (42) has the same form as Eq. (6), and hence the results derived in the
previous sections are immediately applicable to an electromechanical system. By analogy with Eq. (27), the sum of the
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P ¼ ðπS0=2ÞremTMemrem ¼ πS0Mtot=2: (43)
This implies that the derived result is an upper bound on the power that can be harvested from a device subjected to
broadband base motion.7. Example systems
7.1. Two-mass system
To validate the foregoing theory the two-degree-of-freedom shown in Fig. 1 has been considered. The two masses are
m1¼2 kg andm2¼1.5 kg, and the lower spring is linear with spring constant k2¼2.5 N/m. The upper spring and the damper
are taken to be either linear or nonlinear. In the linear case the spring and damper coefficients are respectively k1¼2 N/m
and b¼1.15 Ns/m. In this case the undamped natural frequencies are ω1¼0.687 rad/s and ω2¼1.88 rad/s, and the associated
mode shapes ðx1x2Þ are (1 0.527) and (1 –2.53). The damping is non-proportional and strictly it is not possible to associate a
damping ratio with each of the modes, although if modal coupling is neglected then the two damping ratios are in the
region of 0.06 and 0.32. When the upper spring and damper are taken to be nonlinear then the spring and damper forces
(in units of N) are respectively
Fspring ¼ 0:025ðx1x2Þ3 (44)
Fdamper ¼ 0:2ð_x1 _x2Þj_x1 _x2j (45)
The coefficients in these equations have been chosen so that under any combination of linear and nonlinear components the
system has approximately the same mean squared displacement and velocity when exited by white noise base acceleration
defined below.
The power absorbed by the system damper has been calculated by numerical time domain simulation for band-limited
white noise base acceleration of single sided spectral density S0¼2.5 m2 s3 covering the frequency band 0rωrωmax.
The results are shown in Fig. 2 as a function of ωmax for various combinations of the system components (linear or nonlinear
upper spring and damper). In all cases the response asymptotes to the result given by Eq. (33) as ωmax becomes large
(P ¼ πS0Mtot=2¼13.74 W), thus confirming the theoretical result of the previous sections. Furthermore the bandwith ωmax
does not need to be particularly wide before the white noise result provides a good approximation to the actual power
absorbed.Fig. 1. Example system: the lower spring is linear, the upper spring and damper can be either linear or nonlinear.
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Fig. 2. Power absorbed by the example system as a function of the cut-off frequency ωmax of the excitation. The various curves correspond to different
configurations of the damper and the upper spring: (a) nonlinear spring and linear damper, (b) nonlinear spring and nonlinear damper, (c) linear spring
and linear damper, (d) linear spring and nonlinear damper. Dashed line: analytical result given by Eq. (34).
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Smith and Swift [18] have analysed a vehicle suspension system by using a two-degree of freedom linear system with
the same configuration as the system shown in Fig. 1. The upper mass represents the “sprung” mass while the lower mass
represents the “unsprung” mass, and the lower linear spring stiffness k2 represents the tyre stiffness. A general dissipative
linear coupling was considered to connect the two masses, and the spectrum of the base motion was assumed to have
the form
Sbb ¼ A=ω2; (46)
where A is a constant. Eq. (46) implies that the base velocity, rather than the base acceleration, is white noise, and under this
condition it was shown that the power absorbed has the form [18]
P ¼ πAk2=2; (47)
so that the result depends only on the tyre stiffness. Thus the result apparently contradicts the present findings; the
anomaly can be traced to the fact that the base acceleration is non-white, and if a white noise spectrum is to be employed
then a suitable frequency ω0 must be selected at which to apply the approximation
S0  S €b €bðω0Þ ¼ω40Sbbðω0Þ ¼ω20A: (48)
Smith and Swift [18] have shown that the power absorbed by the system is dominated by poles with ω¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2=ðm1þm2Þ
p
,
and if this frequency is used as ω0 then the present Eq. (34) yields
P ¼ πS0Mtot=2¼ πAk2=2; (49)
which is in agreement with reference [18].
This example highlights the importance of the present assumption that the base acceleration is white noise. For non-
white base motion the present result can be written as an approximation in the form
P  πS €b €bðω0ÞMtot=2; (50)
where ω0 is the frequency which makes the white noise approximation as physically reasonable as possible. As shown by
the present example, ω0 may depend upon system parameters other than the total mass, in which case the power absorbed
is then a function of these parameters. It can be noted that the spectrum employed in reference [18] yields a finite result for
the absorbed power, but the absolute response of each mass (as opposed to the relative response) is infinite. This highlights
the fact that the suitability of a white noise approximation will depend on the output quantity of interest. Finally it can be
noted that Clark and Smith [21] have provided a time domain proof of the fact that Eq. (47) is also valid for nonlinear
coupling between the two masses, which is consistent with the present findings.
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It has been shown that the total power absorbed by a linear or nonlinear multi-degree-of-freedom electromechanical
system subjected to white noise base acceleration depends only on the spectral density of the base acceleration and the total
mass of the system. If the system is taken to represent an energy harvesting device then the power will not all be harvested
with perfect efficiency, and so the present result represents an upper bound on the system performance. The result indicates
that there is very little a designer can do to make radical improvements in the performance of a broadband harvesting
device: introducing nonlinear components or additional degrees of freedomwill be effective only to the extent to which the
system mass will change. However, design details will affect the stroke and size of the device if there are practical
limitations to consider. It should be noted that the present analysis applies only to systems whose equations of motion can
be written in the form of Eq. (4), which requires that the internal forces are a function of the instantaneous state vector.
Devices with memory-type properties could potentially circumvent this limitation and perform beyond the bound predicted
by Eq. (1). Alternatively, devices with applied secondary forces, such as that described by McInnes et al. [22], may exceed the
present bound.
The present analysis has considered a system which has a discrete set of degrees of freedom. The analysis is equally
applicable to a continuous system if the response is expressed in terms of generalised coordinates, but in principle the
model then has an infinite number of degrees of freedom and the white noise approximation for the base motion must be
assumed to be valid over an infinite frequency range. If the base motion is taken to be band limited then the response can be
captured by the use of a finite number of degrees of freedom, and in this case the power absorbed will be given by
Eq. (18), with M identified as the generalised mass matrix. In this case the product rTMr will be less than the total mass of
the system.
A corollary of the present result is that if any part of the system is anchored to a non-vibrating fixed point, then
(in theory) infinite power will be absorbed. This is because the fixed point can be viewed as an infinite mass attached to the
system. A very simple example of this situation consists of a damper that is attached between the vibrating base and a fixed
point; the white noise base motion has infinite mean squared velocity, and hence the power absorbed by the damper is
infinite. But this result is an artefact of the white noise approximation, and the actual power absorbed will be sensitive to the
actual bandwidth of the excitation; without a fixed point, the power absorbed can asymptote very quickly to the white noise
result as the excitation bandwidth is increased, as shown by the example considered in Section 6. For a linear system
(without a fixed point) the present bound will hold even for the case of narrow-band random base motion, providing S0 is
identified as the maximum value of the spectrum of the base acceleration.
It has been assumed in the present analysis that the motion of the base of the device is prescribed. In reference [23] an
alternative situation is considered in which the “base” forms part of a two-degree-of-freedom linear dynamic system, and a
white noise excitation force is applied to the base. This type of arrangement can be modelled by repeating the analysis
contained in Section 5 for a system that is excited by a generalised (white) force vector F(t). In this case it is readily shown
that the power dissipated is
P ¼ ðπ=2ÞTr M1SFF
h i
; (51)
where SFF is the (white) cross-spectral matrix of the force vector. For the case considered in reference [23], in which the
force is applied only to the base, Eq. (51) implies that the power dissipated is inversely proportional to the mass of the base
and is independent of all other system parameters. This agrees with the findings of reference [23]. Eq. (51) could prove
useful for the analysis of more general system arrangements, and further work remains to be done regarding the general
case of a nonlinear device interacting with a vibrating base with narrow-band excitation.Acknowledgements
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Appendix A
The analysis contained in Sections 2–6 is based on the premise that the system mass matrix M that appears in Eq. (2) is
independent of the generalised coordinates. It is shown here, based on an extended version of the Fokker–Planck based
analysis presented in Section 4.2, that the present results continue to apply when the mass matrix is non-constant. Initially,
it can be noted that in general the kinetic energy of the system can be written in the form
T ¼ ð1=2Þ∑
j
mj½ _ujþ _bnU ½ _ujþ _bn; (A1)
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n is the unit vector normal to the vibrating base of the system. For a continuous system, rather than a lumped mass system,
the summation in Eq. (A1) will need to be replaced by a spatial integral, but otherwise the following analysis remains
unchanged. The equations of motion can be derived from Lagrange's equation, and the terms that arise from the system
kinetic energy can be written for the rth generalised coordinate yr as
d
dt
∂T
∂ _yr
	 

 ∂T
∂yr
¼∑
j
mj
∂uj
∂yr
U
∂uj
∂ys
 
€ysþ∑
j
mj
∂uj
∂yr
U
∂2uj
∂ys∂yk
 !
_ys _ykþ €b∑
j
mj
∂uj
∂yr
Un
 
: (A2)
The summation convention regarding repeated indices is used in Eq. (A2) and throughout this Appendix. The system mass
matrix M that appears in Eq. (4) can be identified from the first term on the right hand side of Eq. (A2), which gives
MrsðyÞ ¼∑
j
mj
∂uj
∂yr
U
∂uj
∂ys
 
; (A3)
meaning that the mass matrix is in general a function of the generalised coordinates. Similarly, the last term on the right
hand side of Eq. (A2) replaces the excitation term that appears on the right hand side of Eq. (4). Following the analysis
of Section 4.2, this implies that the matrix D that appears in Eqs. (23) and (24) is zero apart from the lower diagonal block,
which has the form
DrþN;sþN ¼ πS0M1rk M1ls ∑
j
mj
∂uj
∂yk
Un
 
∑
j
mj
∂uj
∂yl
Un
 
: (A4)
Now repeating the analysis contained in Eqs. (25)–(28) for this more general case leads to
P ¼ ð1=2ÞE MrsDrþN;sþN
 
: (A5)
This result can be simplified by considering the change Δy in the generalised coordinates required to give the system a unit
displacement normal to the base. From kinematics Δy must satisfy
∂uj
∂yi
Δyi ¼ n; (A6)
and Eq. (A4) then yields
DrþN;sþN ¼ πS0ΔyrΔys: (A7)
It then follows that
P ¼ ðπS0=2ÞE MrsΔyrΔys
 ¼ πS0Mtot=2; (A8)
where it has been noted that the term inside the expectation operator is the generalised mass associated with a unit rigid
body translation, which is equal to the total mass of the system. Eq. (A8) demonstrates that the power dissipation
relationship derived in Sections 2–6 is equally applicable to a system with a non-constant mass matrix.
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